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Abstract. This paper addresses a prediction problem occurring frequently in practice. The
problem consists in predicting the value of a function on the basis of discrete observational data
that are incomplete in two senses. Only certain arguments of the function are observed, and the
function value is observed only for certain combinations of values of these arguments. The problem is
considered under a monotonicity condition that is natural in many applications. Applications to tax
auditing, medicine, and real estate valuation are discussed. In particular, a special class of problems
is identified for which the best monotone prediction can be found in polynomial time.
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1. Introduction. The problem of establishing cause-effect relationship based
on incomplete observations was studied in [7]. In this paper we address the problem
of finding a good approximation of an unknown discrete function on the basis of a
set of observations, which is incomplete in two senses. We observe the values of only
some of the arguments of the function and we observe the function value only for
certain combinations of values of these arguments. Our goal is to predict the value of
the function for any combination of values for these arguments. Such problems occur
frequently, and we begin with some examples.
Suppose that a tax bureau must decide which tax forms to audit, with the goal of
auditing only those for which the increased return justifies the auditing expense. The
observation set consists of data records corresponding to forms audited in the past.
Each record indicates whether the audit was justified and lists some attributes of the
taxpayer. The problem is to determine, on the basis of these attributes, when future
tax forms should be audited.
A taxpayer’s attributes form a vector x of Boolean (0-1) variables, where each
whether a certain threshold is exceeded. For example, one xj may have
indicates
xj
the value 1 when the taxpayer claims too many dependents for a person of his age,
and another may have the value 1 when he claims too many charitable contributions
relative to his income.
The observation set partially defines a function g whose value is 1 when auditing
was justified, and 0 otherwise. Whether an audit was justified depends not only on the
recorded attributes used to make the auditing decision, but on a number of hidden
factors as well. The arguments of g therefore consist of a vector x of the recorded
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attributes and a vector y of hidden attributes. So, each data record can be written
in the form (x, g(x, y)). In practice, the function g is only partially defined because
its value g(x, y) is not given for every possible vector (x, y) of attributes. We cannot
even assume there is an observation for every possible x.
Our problem is to predict the value of g(x, y) on the basis of x alone. To do this,
we derive an approximation f of g that is a function of x only. Deriving f requires
that we interpolate a value when x has not been observed. However, even when x
has been observed, we may need to reconcile different observed values of g(x, y) for

- -

different y’s.
We focus on problems in which f is monotone, in the sense that f(x) f(x’)
whenever x x t, where -< is a partial order on the outcomes and a partial order on
the x’s. In the tax auditing example, the two outcomes are linearly ordered (0 1),
and -< is defined by x x whenever xj <_ xj for all j. Monotonicity is a reasonable
assumption for this problem, because every 1 among the attributes is another reason
for suspecting that the form should be audited. If one form with certain suspicious
traits should be audited, then another form with these and still other suspicious traits
should certainly be audited.
We also generalize our approach to problems in which more than two outcomes are
possible, where these outcomes are partially ordered. The tax auditor, for example,
might classify forms as needing no audit, needing a second look to determine the
desirability of an audit, and needing an audit right away. These outcomes happen
to be linearly ordered in a natural way (in the order listed), and it is reasonable to
assume that f is monotone.
The attributes as well as the outcome can have more than two values. Suppose,
for example, that we have a battery of 45 biochemical tests for carcinogenicity, each
of which can have outcomes negative, indefinite, and positive. We do not apply every
test to a given chemical; when a test is not applied, we say that the test "result" is
no data. The 45 test results are viewed as attributes of the chemical tested. Since the
tests are not foolproof, we first apply them to a number of chemicals that have been
previously tested clinically for carcinogenicity, with possible outcomes harmless, undetermined (indicating inconclusive clinical experience), potentially dangerous (meaning
that the chemical causes cancer when ingested in very large doses), and dangerous.
The problem is to find a function f that predicts the outcome of clinical trials for a
new chemical.
To check for monotonicity, we must impose a partial ordering on the attribute
vectors and on the outcomes. The four possible values of each attribute xj submit to a
partial order: negative is less than indefinite and no data, which are less than positive;
but indefinite and no data are incomparable. We can therefore say that x x when
Xj
Xj for all j. The four outcomes have a similar partial ordering: harmless is less
than potentially dangerous and undetermined, both of which are less than dangerous;
but we may be unable to order potentially dangerous and undetermined with respect
to each other. It is reasonable to assume that f is monotone with respect to these
orderings.
Whenever f incorrectly predicts the outcome for a given observation, a penalty is
incurred, where the size of the penalty depends on the correct and predicted outcomes.
For us, the best approximation f is one that minimizes the total penalty. In [4] we
investigate the issue of defining "best approximation" from a statistical point of view
and distinguish the analysis described here from logit and categorical data analysis.
If there is no restriction on f, finding the best approximation is relatively easy,
since we can treat each x separately. That is, for any fixed x, f (x) should have the value

"
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that minimizes the sum of the penalties over observations of the form (x, y). If x occurs
in no observations, f(x) can be set to an arbitrary value. However, if f is required
to be monotone (or to have some other restrictive property), the problem cannot in
general be decomposed this way, and the observed values of f(x) for unobserved x are
in general restricted. In [4] we consider some other possible restrictions on f (when it
is a Boolean function). More examples for similar problems can be found in [6], [21],

In this paper, we show that a network flow model can be used to determine the
best approximation f when the partial ordering of the outcomes belongs to a special
class of partial orders, including interval orders. An interval order is one in which
every element can be associated with an interval of real numbers, such that ( / if
and only if the upper end of the interval associated with a is smaller than the lower
end of that associated with A special case of an interval order is one that is layered,
in the sense that the elements are partitioned into a sequence of sets $1,..., Sin, such
that all the elements in each Si are incomparable, but everything in Si is less than
or equal to everything in Si+l. The outcomes of the clinical trials for carcinogenicity
have this sort of ordering. A linear order, as in the tax auditing problem, is, of course,
an interval order.
Another instance that might call for an interval ordering is estimating the value
of a piece of property. Suppose that we suspect that certain combinations of property attributes justify assessing the value to be within certain ranges. The ranges
may overlap, but the outcomes nonetheless have an interval order. If higher-ranked
attribute values are more desirable, it may be reasonable to assume monotonicity.
We begin in the next section with a precise statement of the problem and a small
example. In 3 we show that finding the best monotone approximation is equivalent
to a generalization of the "maximal closure" problem on a directed graph [16]. When
there are two ordered outcomes, the generalization coincides with the maximal closure
problem. In 4 we describe a special class of partial orders, the so-called aligned
orders. We prove that aligned orders can be recognized in polynomial time and that
interval orders are aligned. Finally, in 5 we show that the generalized maximal closure
problem can be reduced to the maximal closure problem when the outcomes form an
aligned order. Since the maximal closure problem can be solved via a minimum cut
computation, we can solve the best approximation problem likewise. The complexity
of our algorithm is O(n3m3), where n is the number of distinct input attribute vectors
x and where m is the number of possible outcomes.

.

2. Problem statement and main results. Let (X,-) be a finite partially
ordered set of (observed) attribute vectors x and (V, 4) a finite partially ordered set
of outcomes. The mapping # X V
2 indicates the number of times an attribute
vector x resulted in a given outcome; that is, it(x, ) is the number of observations
The penalty function is c" V V
where cz, is
(x, y) for which g(x, y)
the penalty for predicting outcome/ when the observed outcome is (. The problem is
to find a V-monotone function f(x), i.e., one for which f(x) f(x’) whenever x x t,
so as to minimize the total penalty,

.

(2.1)
xX oV

-_

-

,

-

As a matter of fact, we want to define the function f(x) only on the set X of observed
attribute vectors For an unobserved value x t, we can let f(x ) take any value for
which f(x’)
f(x) for all observed values x satisfying x’ x and for which f(x)
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x _-< x The above problem is called the
monotone approximation problem, and an instance of this problem is denoted by M

f(x ) for all observed values x satisfying

Let us observe that the objective function in the above problem is separable in
the sense that it can be written as

If]

hx (f (x)),
xEX

where

hx (f (x))

E Cf(x),# (x,

aEV

and the function hx depends only on x but not on other elements of X. The problem
of separable optimization subject to precedence (-like) constraints, in general, can be
formulated as follows:
min

E h (f (x))

xX

s.t.f(x) EV for allxEX, and
(SOP)
f(x)f(y)

whenever x-,y.

Here (X, -) and (V, -) are partially ordered sets, X is a finite set, and h V --, I
are given real-valued functions for x X.
If (V, -<) is the set of reals with the usual order < and if hx are convex functions,

(SOP) is known in the statistical literature as the isotonic regression problem; see,
[2]. There is a bewildering variety of algorithms created to solve this problem in

e.g.,

various special cases, many of which are not polynomial. An equivalent problem was
considered in [14], [19] in the context of inventory/production systems. An O(IXI 4)
algorithm was provided in these papers for the case when the functions h are special
convex differentiable functions for x G X. For general convex functions and for the
case of handling general upper and lower bounds, an algorithm of similar complexity
is given in [18]. For a somewhat more general class of objective functions, a different
algorithm of the same complexity is presented in [5]. The methods of the last two
papers extend to the case when (V, ) is a linearly ordered discrete (finite or infinite)
set. In the further specialized case, when (X, >-) is a linear order and hx are convex
quadratic real functions, an O(]XI)-time algorithm is provided in [3].
None of the above methods can handle the problem (SOP) in polynomial time if
the objective function is not special (usually convex, or something almost as restrictive). The authors are not aware of any results for the case where (V, >-) is not linearly

ordered.

In this paper, we address the problem (SOP) in the case when (V, ) is a finite
partially ordered set and no restrictions are imposed on the functions hx, x X. The
main result of this paper is that the problem (SOP) can be solved in polynomial time
in the case when (V, >-) belongs to a special class of partially ordered sets. We say
that a partial order (V, >-) is aligned if there is a linear extension of
i.e., a labeling

-,

V

{v0,..., v } of the elements of V satisfying the following two conditions:
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TABLE
A sample observation set.

,(x,,)

1
2
3
4
5

(el)
(C2)

Xl

x2

h

N
I
I
P
I

N
N

2
1

U
U
P

1
0

V//i -<//j

u

1
0
1
0

p

d

h

u

p

d

fo

:1

Wxh

Wxu

Wxp

Wxd

0
0
0
2

0
1
0
0
2

2
5
0
6
8

4
4
2
4
5

5
5
2
3
4

8
5
3
9
2

h

h

p
d

p
d

-2
-5
0
-6
-8

-2
1
-2
2
3

-3
0
-2
3
4

-1
-1
1
-8
-1

3 an indexksuch that/<_ k, k + 1 _< j, and//k -<
//k

"< //k+l

//j

//k-t-l;

-< //k+l Vj _< k.

We show that (SOP) can be solved in O(IXI31VI 3) time if (V, >-) is aligned. We also
show that, given a partial order (V, >-), we can recognize in O(IYl 2) time whether it
is aligned, and we prove that interval orders are aligned.
We use the following as a running example throughout the remainder of the
paper. Suppose that we wish to determine the carcinogenicity of chemicals on the

basis of only two tests. We have clinical data for five chemicals (Table 1). N, U, I,
and P, respectively, denote the possible test results (negative, no data, indefinite, and
positive), and h, u, p, and d denote the four possible outcomes (harmless, undetermined,
potentially dangerous, and dangerous). The table displays the number #(x, a) of times
chemicals with attribute vector x lead to clinical result a.
To define the penalty for error, let us rank the outcomes as follows: h has rank
1, u and p have rank 2, and d has rank 3. Then we might say that the penalty for
an error is 1 more than the distance between the ranks of the predicted and observed
outcome when the outcomes are different, and 0 otherwise. For instance, predicting a
potentially dangerous (p) chemical to be harmless (h) brings penalty 2, and predicting
it to be undetermined (u) brings penalty 1. The total penalty
cz#(x,) for
predicting that chemicals described by x have clinical outcome a appears in the middle
of the table. For instance, the penalty for predicting that chemicals with test results
(N, N) are dangerous is 8, because they were observed to be harmless on two occasions
and to have undetermined effect on one occasion.
If there are no restrictions on the approximating function f, the best approximation is clearly the function f0 shown in the table. We set f0(N, N)
h, for instance,
since predicting h results in the least penalty (Zev Ch,f#((N, N), fl) 2h,h-[-Ch,u
2). In general, f0 is defined such that the sum Zey cy0(x),Z#(x,/) is minimal for
x e X. In this example, however, f0 is not monotone, since fo(I, N)
f0(I, U) even
though (I, N) (I, U). Our task is to find the best monotone approximation.

-Z

-

3. Maximal V-partitions. Let G
(N, A, w) be a directed graph, where N
denotes the set of nodes and where A denotes the set of arcs. A subset C c N of the
nodes is called a terminal set of G if (x, y) E A, x E C implies that y C. Clearly,
the intersection of two terminal sets is again a terminal set. For a given subset S of
the nodes, its closure cl(S) is defined as the minimal terminal set containing S. In
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FIG. 1. Illustration

of a V-chain.

other words, cl(S) contains exactly those vertices y of G that are either belonging
to S or accessible from S by a directed path of G. Given real weights wx,x E N
associated with the nodes, a maximal closure of the graph G is a terminal set C for
which w(C)
Wx is maximal.
To an instance A4
(X, V, it, c) of the monotone approximation problem, we
associate a directed graph G
(X, A) in which the observed attribute vectors are
the nodes and where there is an arc from x to y whenever x -< y.
As an example, consider the graph G0 in Fig. 1, which has nodes corresponding
to the five values of x in Table 1. (Ignore for now the large sets circled in Fig. 1.) Go
contains an arc (x, x’) whenever x
x’. The closure of a set C of nodes (x’s) is the
set of all x’s greater than or equal to the x’s in C. For instance, the closure of {3} is

--xec

-

Picard [16] introduced the problem of finding a maximal closure in a given directed
graph and showed that the maximal closure can be found as the source side of a minimum cut in an associated network. This problem has many interesting applications,
e.g., [1], [11]-[13], [15], [17], [20], [23].
In this section, we introduce a generalization of this problem, which is shown to
be equivalent to the problem of V-monotone approximation and which is reducible in
certain cases to the problem of maximal closures.
Let us consider a partially ordered finite set (V, -) and let all denote the fact
that a and/ are incomparable elements of V. A partition 7)
{Pla V} of the
nodes of G (i.e., [Jev P N) is called a V-partition if

(3.1)

V(i,j)A,

iP and jPz

imply thatc/.

For example, suppose that we let V {h, u, p, d}, as in Table 1. One possible Vpartition is given by the circled sets in Fig. 1, that is, Ph { 1 }, Pu {2, 3}, Pp {4},
and Pd {5}.
Note that the sets in this V-partition are determined by the function fl, displayed
in Table 1. Namely, the set Pd is the set of nodes classified by fl as dangerous
(fl (x) d), Pp is the set of nodes classified as potentially dangerous (fl (x) p), Pu
is the set of nodes classified as undetermined (fl (x)
u), and Ph is the set of nodes
classified as harmless (f (x) h).
Note that the function f that defines the above V-partition of Fig. 1 is Vmonotone. In fact, we have the following result.
THEOREM 1. Let G
(X,A) be the directed graph associated with a given
instance of the monotone approximation problem. Then there is a one-to-one correspondence between the V-monotone functions and the V-partitions of G.
V is a V-monotone function. For c V,
Proof. Let us assume first that f X
let

(3.2)
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Pf {Pla e V}. We show that :Pf is a V-partition.
Now condition (3.1) is implied by the monotonicity of f, as follows. Let (x, y) E A
be an arbitrary arc with x E P and with y P. We now have a f(x) and
f(y)

and let

by (3.2). The monotonicity of f implies that

(3.3)

f (x)

f (y).

It follows then that either a
or all, and hence (3.1) follows.
For the converse relation, let "P {Pal( V} be a V-partition of G. Then the
function fp, defined by

fp(x)=a if xP,

(3.4)
is clearly an X
monotonicity.

V mapping, and property (3.1) immediately implies its V-

Let wx, be given real weights for x
the V-partition P be defined as

N and a E V and let the weight w(P) of

(3.5)
Then a maximum-weight V-partition of the weighted graph G (N, A) is a V-partition
P, which maximizes w(P).
Let us again consider the directed graph G (X, A) associated with an instance
J4 (X, V, it, c) of the monotone approximation problem. Let us now define weights
wx, for x X and ( V by the following set of equations:

(3.6)

Z___Ew,=_hx(a)/=_Ec,#(x,))forallaV.zev

It is easy to observe that, if we arrange the elements of V according to an arbitrary
linear extension of 4, then the coefficient matrix on the left-hand side of (3.6) becomes
a lower triangular matrix with l’s in the main diagonal. Hence, for any integral
parameter vectors c and it, the system of equations (3.6) has a unique integral solution.
We show below that the problem of monotone approximation is equivalent to a
maximum-weight V-partition problem in the associated graph.
We know that finding a V-partition is equivalent to finding a monotone approximation f, but, to equate the maximal V-partition problem to the monotone approximation problem, we must relate the weight of a V-partition to the penalty associated
with an approximation. This is done in the example of Table 1 as follows. The negative of the weight Wh contributed by each x lying in Ph to a V-partition is the penalty
that results from predicting chemicals with attributes x to be harmless. The negative
of the total weight Wh + w contributed by each x in P is the penalty for predicting
chemicals with attributes x to be undetermined, and similarly for Wxh + Wp. The
negative of the total weight Wxh + w + Wp + Wxd contributed by each x in Pd is the
penalty for predicting x to be dangerous. The resulting weights w for each outcome
a appear on the right side of Table 1. Suppose, for instance, that the predictions are
given by fl. The penalty incurred for each x is shown in boldface in the middle of the
table. The penalty for each x is the same as the negative of the sum of the boldface
weights that appear at the end of that row. It is clear that finding a maximal-weight
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V-partition over these weights is equivalent to finding predictions that minimize the
penalty.
THEOREM 2. Given an instance A/[ (X, V, c, #) of the monotone approximation
problem and an arbitrary V-monotone function f X
V, let 79y (PI( E V} be
the V-partition of the graph GM, defined by (3.2). Then

(3.7)

[f]

where wx,, a V is the unique solution
defined by (3.5).
Proof. We prove (3.7) as follows.

-w (7)y),

of (3.6) for every x X

and where

w(Py)

is

xEX EV

Here, the second line

comes from the first one by the definition of 7), the third line
comes by a simple rearrangement, and the fourth equation is obtained by applying
[:]
(3.6). For the last equation, we simply applied (2.1).
COROLLARY 1. For a given instance J9 (X, V, c, #) of monotone approximation, let w
(wx,lx X,a V) be determined by (3.6). Then finding the best
V-monotone fit to .h is equivalent to finding the maximum-weight V-partition in the
associated graph GM.

4. Aligned partial orders. In this section, let us consider aligned partial orders
(V, -<), i.e., partial orders satisfying conditions (C1) and (C2).
Let us first prove that this property of a partial order can be recognized in polynomial time.
LEMMA 1. Given a partial order (V,-), one can either find a labeling
V {po, l]l,...,pv} satisfying conditions (C1) and (C2) or conclude that (V,>-) is
not aligned in O(IV] 2) time.
Proof For an a G V, let S {/31/3 -< c}. Furthermore, let -y E V such that
is maximal.
We show that (V, -) is aligned if and only if the induced relation (V \ S, -) is
an empty relation and the induced partial order (S, -) is aligned. The recognition
algorithm and its complexity follows immediately from this.
Let us first assume that (V \ S, >-) is an empty relation and that the induced
partial order (S, -) is aligned. Let S {u0,..., u,sl-1} be an appropriate labeling
of the elements of S satisfying conditions (C1) and (C2). It is easy to verify that, by

ISI
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and taking an arbitrary labeling {/21s1+1,...,/2v} V \ (S U {}),
defining/21sl
we can obtain a labeling of V that satisfies conditions (C1) and (C2).
To see the converse direction, let us assume that (V, >-) is an aligned partial
order and the labeling V
{/20,...,/2v} satisfies conditions (C1) and (C2). Let k
be the largest index for which/2k-1
{/2jlJ 0,... ,k- 1} follows
/2k. Then Sk
from condition (C2). Furthermore, condition (C1) implies that there are no indices
k, and hence
j > i >_ k such that/2j -/2i. It follows then that S c_ S.k for any
is
also
order
is
It
clear
that
the
induced
maximal.
is
partial
(S, >-) also aligned
S.
order
the
and
that
the
induced
same
partial
labeling)
({/2k,... ,/2},>-) is an
(with
empty relation.
The only thing left to show is that the claim remains true for any other index k for which IS, is also maximal. Let us observe that, in this case, k > k

"

-

and S,
Sk follow from properties (C1) and (C2). Therefore, by interchanging
the elements /2a and /2k’, we obtain another good labeling of V, which proves the
[:]
lemma.
We show next that interval orders are aligned.
LEMMA 2. Interval orders are aligned.
Proof. Let us recall (see [9]) that (V, -) is an interval order, by definition, if there
for a E V such that a
are real intervals [as, b] c_
if and only if b < az. Let
us consider such a set of intervals realizing (V, >-).
It is clear that

S- {/ Ibz < as }.

-

It follows then that S c_ SZ if as <_ az; therefore ISI is maximal if and only if
is maximal. Let a E V be such that as is maximal. Then, for every/
V, either
bz < as (in which case,/ S) or az _< as <_ bz. This implies that there is a common
point as of all intervals associated to the elements of V that are not in S, and hence
there cannot be any relation between these elements.
Since (S, >-) is again an interval order and since ISI < IVI, we can continue,
and the recognition algorithm described in the previous lemma will not fail.
It is easy to see that aligned orders are not necessarily interval orders. For example, let us consider V
{/20,/21,/22,/23,/24}, in which /20 /22,/20 -< /24,/21 /22,
and/2 -/23. This partial order is clearly aligned, but it is not interval, since neither
/20

- /23

nor /21

-

/24-

5. Maximal V-partitions via maximal closures. In this section, we show
that if (V,-) is an aligned partial order, then a maximal weight V-partition can be
determined in polynomial time.
Let G (N,A) be a given directed graph, let (V, ) be an aligned order, and
let V {/20,...,/2.} be a labeling of the elements of V satisfying co.ditions (C1) and
(C2). Furthermore, let w, be given reals for x N and a V.
It follows then that, for any V-partition, :P {Pla E V} and, for any index i
for which/2-1
V

[_J
In the example, we can let {/20,/21,/22,/23 }
{h, u, p, d} as an appropriate labeling.
As we can observe easily, this partial order is not only aligned but is also an interval
order.
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FIG. 2.. Maximal closure formulation of an approximation problem.

Let kp(x) be defined for any x e N as the index of fp(x) in this linear order,
where fp is again the function defined by (3.4). In other words, fp(x)
"k(x) for
every x E N.
Let us define a directed graph, (
(/9,) associated with G and (V, 4), as
follows. The graph ( contains vlN nodes, and each node x E N has v "relatives" in
/9, denoted by Xl, x2,..., xv. We include the arcs (xi, yi) for (x, y) A and for indices
with -1
in the partially ordered set (V, -). We also add the arcs (x, x-l) to
for every x N and i 2,..., v. In other words, we place v copies of the node set
N on top of each other and we include all the arcs of G in the ith level, if i-1 and
i are comparable; otherwise the ith level is an empty graph. In addition to these,
we include a directed arc from each vertex to its lower relative, too. The graph (
associated with the graph of Fig. 1 appears in Fig. 2.
We define real weights @x, associated with every vertex xi /9 as follows:

.

-

for
The weights

x

.

1,...,v, and x

N.

for our example also appear in Fig. 2.
THEOREM 3. There is a one-to-one correspondence between the V-partitions of
G and the terminal sets of Furthermore, if 7) {PIa V} is a V-partition of G,
and if is the corresponding terminal set of
then

(5.3)

w (T))

,

E w,’o + (),
(v

xN

.

where v is the vector defined by (5.2).
Since
Wx,o is a constant, it follows that finding a maximal V-partition in
G is equivalent with finding a maximum-weight terminal set in
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Proof. Let us consider first a V-partition of G, 7)
subset of the nodes of & as follows:

(7=

(5.4)

U

xE

xi

{Plc

E

V}, and

define a

P

We show that (p is a terminal set in
p, it follows that xi_ p by definition (5.4). Let us consider
For xi
p. By the definition ofV G, (xi, yi)
an arc (xi,yi) e
of
where xi
only
terminal
Therefore it follows from (5.1) and (3.1) that j=
is
a
if --1
P
p implies that x P for some j i, i.e., that
set of G. By definition, xi
V
x
j=
P. From (x, y)

,
.

.

y=i P, thus implying that yi

of
Let Po
Conversely, let us consider a terminal set
{x]x }, let
for
but
let
and
i=
1,2,...,v- 1,
P, {xxi
xi+ },
P. {x]. C}. We
Cp.
show that P {P i 0, 1,..., } is a V-partition of G such that
or
Since is a terminal set of G, it follows that, for very x N, either x
is
there
Therefore
that
is
or
a
v
such
but
0
C
unique
P
<
x
xi
Xi+l
a partition of N.
Let us now consider an arbitrary arc (x, y) A of G for which x P and y P,
and let us assume that j i. Then, on the one hand, xi
but Xy+l
by the
above definition of P. On the other hand, by property (C1), there must be an index
k such that j k,k + 1 i, and a k+- Then the arc (Xk+l,Yk+l) belongs to the
and thus the vertices Xi, Xi-l,...,Xk+l,Yk+l,Yk,...,Yj+l form a directed
graph
which starts in the terminal set and ends outside of it.
path from xi to Xj+l in
This contradiction shows that y
i.e., that kp(y) kp(x) for any arc (x, y) A
of G, and thus it proves that P is a V-partition of G.
Finally, (5.3) follows easily by (5.2) and (5.4)"

,

,

,

.
,

,

,

,

ke()
=1

(5.5)
xeN

x, N

The maximal closure for Fig. 2 is encircled in the figure. Note that this solution
corresponds to the function fl defined in Table 1. Thus f is a best approximation to
the data.
We conclude by indicating in Table 2 the possible values of f (x) for both observed
and unobserved values of x. The observed values are in boldface. Note, for instance,
that f(Y, U) cannot be d, since (N, U)
(I, U), (I, U) u, and d u. In this
example, the value of f(x) is completely determined for only one unobserved x,
namely, x (P, P).

542

E.

BOROS

P. L.

HAMMER

AND J. N. HOOKER

TABLE 2
Function values consistent with an optimal approximation.

(N,N)
(U,N)
(N,U)
(I,N)
(N,I)

h, u, p
h,u,p

(u, u)
(I,U)
(P,N)
(U,I)
(,)
(N,P)

h, u, p
u,p,d
h, u, p, d
u,p,d
h,u,p,d

(P,U)
(P,)
(U,P)
(I,P)

P
u,p,d
h, u, p, d
d

u

h, u, p, d

u

(P,P)
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